Abstract-Four types of attitude control systems are developed for the rotational dynamics of a rigid body on the special orthogonal group. First, a smooth control system is constructed to track a given desired attitude trajectory, while guaranteeing almost semi-global exponential stability. It is extended to achieve global exponential stability by using a hybrid control scheme based on multiple configuration error functions. They are further extended to obtain robustness with respect to a fixed disturbance using an integral term. The resulting robust global exponential stability for attitude tracking problems on the special orthogonal group is the unique contribution of this paper. These are illustrated by numerical examples.
I. INTRODUCTION
The attitude dynamics of a rigid body have been extensively studied under various assumptions [1] , [2] . One of the distinct features of the attitude dynamics is that it evolves on a nonlinear manifold, namely the three-dimensional special orthogonal group. The nonlinear structures of configuration manifolds yield unique properties that cannot be observed from dynamic systems on a linear space. For example, it has been shown that there exists no continuous control system that asymptotically stabilizes an attitude globally [3] .
Recent studies on attitude control systems can be summarized into two approaches, namely smooth attitude controls for almost global asymptotic stability [4] , [5] , and hybrid attitude controls for global asymptotic stability [6] , [7] . In the former approaches, the region of attraction only excludes a domain whose measure is zero. This can be considered as the strongest stability property for smooth control systems, given the topological restriction on attitude controls [3] . The latter approaches formulate hybrid attitude control systems with a hysteresis-based switching algorithm to achieve global asymptotic stability, while avoiding chattering. But these results are based on either LaSalle's principle or hybrid invariance principles, and therefore, they cannot be uniformly applied to attitude tracking problems or they only guarantee asymptotic stability. Furthermore, robustness with respect to uncertainties has not been well addressed.
Attitude control systems can also be categorized with the choice of attitude representation. It is well known that minimal attitude representations, such as Euler angles, suffer from singularities [8] . Quaternions do not have singularities but, as the three-sphere double-covers the special orthogonal group, one attitude may be represented by two antipodal points. This ambiguity should be carefully resolved in quaternionbased attitude control systems, otherwise they may exhibit unwinding, where a rigid body unnecessarily rotates through a large angle even if the initial attitude error is small [3] . To avoid these, an additional mechanism to lift measurements of attitude onto the unit-quaternion space is introduced [6] .
In this paper, we develop four types of attitude control systems to track a given desired attitude trajectory. A smooth attitude control system is developed for almost semi-global exponential stability, and a hybrid control system with a new form of direction-based configuration error functions is introduced for global exponential stability with simpler controller structures. They are extended with a unique integral control term to achieve robust global exponential stability.
The proposed attitude control systems have the following distinct features. First, they provide stronger exponential stability. The attitude control systems in the aforementioned papers rely on the invariance principle, or an exogenous system is introduced to reformulate a tracking problem into stabilization of an autonomous system [6] , [7] . As a result, they are applied only to attitude stabilization, or they cannot yield stability properties stronger than asymptotic stability. In the stability analysis of the proposed control systems, the time-derivative of a Lyapunov function is negative definite, and therefore they are uniformly applied to time-varying systems of attitude tracking problems, while guaranteeing exponential stability.
Second, a new intuitive form of attitude configuration error functions is introduced to simplify the design of hybrid attitude control systems. Configuration error functions in the prior literature, such as [7] are based on compositions with smooth operations representing stretched rotations, and it is not straightforward to obtain proper controller parameters such as a hysteresis gap for stability. The proposed family of configuration error functions is constructed by comparing the desired directions with the current directions, and they yield an explicit condition on controller parameters for global exponential stability.
Third, a special form of integral term is proposed in the control input for robustness with respect to disturbances. Nonlinear PID-like attitude control systems have been studied in [9] , [10] , [11] , [12] . But, either they have singularities [9] , [10] , or they are based on the invariance principle that is valid only for attitude stabilization [11] , [12] . The robust attitude control systems presented in this paper yield global exponential stability for attitude tracking.
Another distinct feature is that attitude control systems are developed on the special orthogonal group. Therefore, singularities or complexities associated with minimal representations are avoided. Also, the ambiguity of quaternions does not have to be addressed by an additional mechanism to avoid the unwinding. In short, the proposed attitude control systems have simpler controller structures, but they provide stronger stability properties as well as robustness.
II. PROBLEM FORMULATION A. Attitude Dynamics on SO(3)
Consider the attitude dynamics of a rigid body. Define an inertial reference frame and a body-fixed frame. Its configuration manifold is the special orthogonal group:
where a rotation matrix R ∈ SO(3) represents the transformation of a vector from the body-fixed frame to the inertial reference frame. The equations of motion are given by
where J ∈ R 3×3 is the inertia matrix, and Ω ∈ R 3 is the angular velocity represented with respect to the bodyfixed frame. The control moment and the unknown, but fixed uncertainty are denoted by u ∈ R 3 and ∆ ∈ R 3 , respectively. At (2), the hat map ∧ : R 3 → so(3) represents the transformation of a vector in R 3 to a 3 × 3 skew-symmetric matrix such thatxy = x × y for any x, y ∈ R 3 [13] . The inverse of the hat map is denoted by the vee map ∨ : so(3) → R 3 . Throughout this paper, the dot product of two vectors is denoted by x · y = x T y for any x, y ∈ R n , and the maximum eigenvalue and the minimum eigen value of J are denoted by λ M and λ m , respectively.
Several properties of the hat map are summarized as
for any x, y, z ∈ R 3 , A ∈ R 3×3 and R ∈ SO(3). The two-sphere is the manifold of unit-vectors in R 3 , i.e.,
be the unitvectors from the mass center of the rigid body toward two distinct, characteristic points on the rigid body, represented with respect to the body-fixed frame. They may represent the direction of the optical axis for an onboard vision-based sensor, or the direction of solar panel of a spacecraft. Due to the rigid body assumption, the unit-vectors are fixed, i.e., Let r 1 (t), r 2 (t) ∈ S 2 be the representations of b 1 , b 2 with respect to the inertial frame. We have
Using (7) and (2), the kinematic equations for r 1 , r 2 arė
for i ∈ {1, 2}, where ω = RΩ ∈ R 3 is the angular velocity of the rigid body, represented with respect to the inertial frame. The attitude kinematic equation (2) can be rewritten asṘ =ωR from (7).
B. Attitude Tracking Problem
Suppose that a smooth desired attitude trajectory is given by R d (t), and it satisfies the following kinematic equation:
where ω d ∈ R 3 is the desired angular velocity expressed in the inertial frame, which is assumed to be bounded.
While it is possible to develop a control system directly in terms of R d , we transform the desired attitude into the desired directions for r 1 and r 2 as follows:
This formulation is to construct a new form of configuration error functions for hybrid control systems developed later. In some applications, such as antenna pointing of satellites, the desired attitude trajectories are directly described by (11) .
From (10) and (11), the desired directions satisfy the following kinematic equation:
and they are consistent with the rigid body assumption, i.e.,
The goal is to design the control input u such that the attitude R(t) (or the characteristic directions r 1 (t), r 2 (t)) asymptotically tracks the desired value R d (t) (or r 1 d (t), r 2 d (t)).
III. GLOBAL ATTITUDE TRACKING WITH NO DISTURBANCE
In this section, we consider a case where there is no disturbance, i.e., ∆ = 0. A smooth control system is first developed for almost semi-global exponentially stability, and a hybrid control system with new set of configuration error functions are proposed for global attitude tracking.
A. Almost Global Attitude Tracking
Error variables are defined to represent the difference between the desired directions r 1 d , r 2 d and the current directions r 1 = Rb 1 , r 2 = Rb 2 . Define the i-th configuration error function as
which represents 1−cos θ i , where θ i is the angle between Rb i and r di for i ∈ {1, 2}. Therefore, it is positive definite about Rb i = r di , and the critical points are given by Rb i = ±r di . The derivative of Ψ i with respect to R along the direction of δR = Rη for η ∈ R 3 is given by
From this, the configuration error vector is defined as
for i ∈ {1, 2}. For positive constants k 1 = k 2 , we also define the complete configuration error function and error vector as
The angular velocity error vector is defined as
Proposition 1: The error variables (13)- (17), representing the difference between the solution of the equations of motion (1) and (2), and the given desired trajectory (11) with (12), satisfy the following properties, for i ∈ {1, 2}:
(iii) If Ψ ≤ ψ < h 1 , then Ψ is quadratic with respect to e r , i.e., the following inequality is satisfied:
where constants
Using these properties, we develop a control system to follow the given desired trajectory as follows.
Proposition 2: Consider the dynamic system (1), (2) with ∆ = 0. A desired trajectory is given by (12) 
Then, the following properties hold: (i) There are four equilibrium configurations for
asymptotically stable and almost semi-globally exponentially stable, where an estimate to the region of the initial conditions for exponential stability is given by
(iii) The three undesired equilibria are unstable. Proof: Using (17), (19), and rearranging with (6), the time-derivative of Je Ω can be written as
The equilibrium configurations correspond to the critical points of the configuration error functions where r 1 = ±r d1 or r 2 = ±r d2 , and ω = ω d . For example, when r 1 = r d1 and r 2 = r d2 , we have R = R d . When r 1 = −r d1 and r 2 = r d2 , the attitude is the 180
• rotation of the desired attitude about r d2 , yielding R = exp(πr d2 )R d . Other equilibria are obtained similarly, and these show (i).
Let a Lyapunov function be
for a constant c. Using (18), we can show that
where z = [ e r , e Ω ] T ∈ R 2 and M 1 ∈ R 2×2 is given by
From (22) and the property (i) of Proposition 1,
We find the bound of the last two terms of the above equation. Using the property (ii) of Proposition 1, we have
As the desired angular velocity is bounded from the assumption, there exists a constant B > 0 satisfying
From (22) and using the fact that e r ≤ k 1 + k 2 , we have
From these, an upper bound ofV can be written aṡ
where the matrix M 3 ∈ R 2×2 is given by
If the constant c is chosen such that
where k = k 1 + k 2 , then the matrices M 1 , M 3 are positive definite, which shows that the desired equilibrium is asymptotically stable, and e r , e Ω → 0 as t → ∞. However, the fact that e r → 0 does not necessarily imply that R → R d as t → ∞, since e r = 0 also at three undesired equilibria. Therefore, we cannot achieve global asymptotic stability for the given control system. Instead, to claim almost global asymptotic stability, we show that the undesired equilibria are unstable as follows. At the undesired equilibrium given by R = exp(πr d1 )R d and e Ω = 0, the value of the Lyapunov function becomes V = 2k 2 . Define
Then, W = 0 at the undesired equilibrium. We have
Due to the continuity of Ψ, we can choose R that is arbitrary close to exp(
e Ω is sufficiently small, we obtain W > 0 at those points. In other words, at any arbitrarily small neighborhood of the undesired equilibrium, there exists a domain in which W > 0, and we haveẆ = −V > 0 from (25). According to Theorem 4.3 at [14] , the undesired equilibrium is unstable. The instability of the other two equilibrium configurations can be shown by the similar way. This shows (iii). The region of attraction to the desired equilibrium excludes the stable manifolds to the undesired equilibria. But the dimension of the union of the stable manifolds to the unstable equilibria is less than the tangent bundle of SO(3). Therefore, the measure of the stable manifolds to the unstable equilibrium is zero. Then, the desired equilibrium is referred to as almost globally asymptotically stable.
Next, we show exponential stability. Define U = 1 2 e Ω · Je Ω + Ψ. From (22) and the property (i) of Proposition 1, we haveU = −k Ω e Ω 2 , which implies that U(t) is nonincreasing. For the initial conditions satisfying (20) and (21), we have U(0) ≤ ψ. Therefore, we obtain
Thus, the upper bound of (18) is satisfied. This yields
where the matrix c is given by
The condition on c given by (27) also guarantees that M 2 is positive definite. Therefore, from (23), (25), and (29), the desired equilibrium is exponentially stable. The initial attitudes R(0) satisfying (20) almost cover SO(3) as k 1 → k 2 , excluding only three attitudes of undesired equilibria, and the initial angular velocities Ω(0) satisfying (21) cover R 3 as k 1 , k 2 → ∞. In short, the set of initial conditions (R(0), Ω(0)) that guarantee exponential stability almost cover SO(3) × R 3 as k 1 → ∞ and k 2 → k 1 . Therefore, the desired equilibrium is almost semi-globally exponentially stable. This shows (ii).
Compared with other attitude control systems achieving almost global asymptotic stability for attitude stabilization of time-invariant systems on SO(3), such as [5] , this proposition guarantees stronger almost semi-global exponential stability for attitude tracking of time-varying systems. Unlike attitude control systems based on quaternions, such as [2] , the proposed control system is directly developed on SO(3). Therefore, it completely avoids unwinding behaviors of quaternion based attitude control systems [3] .
The fact that the region of attraction does not cover the entire configuration manifold globally is not a major issue in practice, as the probability that a given initial condition exactly lies in the stable manifolds to the unstable equilibria is zero, provided that the initial condition is randomly chosen. But, the existence of such stable manifolds may have strong effects on the dynamics of the controlled system [15] . In particular, the proportional terms of the control input, namely e r1 , e r2 approach zero as the attitude becomes closer to one of the three undesired equilibria, thereby causing a slow convergence rate for large attitude errors. In the following subsection, discontinuities are introduced in the control input to improve convergence rates, in addition to obtaining global exponential stability.
B. Hybrid Control for Global Attitude Tracking
Recently, hybrid control systems for global attitude stabilization are developed in terms of quaternions [6] , and rotation matrices on SO(3) [7] . The key idea is switching between different form of configuration error functions, referred to as synergistic potential functions, such that the attitude is expelled from the vicinity of undesired equilibria. The switching logic is defined with a hysteresis model to improve robustness with respect to measurement noises. This paper follows the same framework, but a new form of synergistic configuration error functions is provided to simply controller structures and controller design procedure. The given control system also provides stronger global exponential stability that is uniformly applied to time-varying systems for tracking problems.
For control analysis, we introduce a mathematical formulation of hybrid systems [16] . Let M be the set of discrete modes, and let Q be the domain of continuous states. Given a state (m, ξ) ∈ M × Q, a hybrid system is defined bẏ For the presented hybrid attitude control system, there are a nominal mode and two expelling modes. The control input at the nominal mode is equal to (19) which is constructed by the following configuration error functions given at (13):
where the subscripts N are used to explicitly denote that the configuration error functions are for the nominal mode, i.e., Ψ Ni Ψ i . When the attitude becomes closer to the critical points of the nominal configuration error functions, they are switched to the following expelling configuration error functions:
for constant α, β satisfying 1 < α < 2 and |β| < α − 1. For example, if the attitude becomes close to the critical point of the first nominal error function Ψ N1 where Rb 1 = −r d1 , the expelling configuration error Ψ E1 is engaged such that Rb 1 is steered toward a direction normal to −r d1 , namely − β |β| (r d1 × r d2 ), to rotate the rigid body away from the undesired critical point. Similarly, the second expelling configuration error function Ψ E2 is engaged near the critical points of the second nominal configuration error function Ψ N2 . As a result, there are three discrete modes, namely M = {I, II, III}, and the configuration error function for each mode is given by
In short, the nominal control input is constructed from the nominal error function Ψ I . If the attitude is in the vicinity of the undesired critical points of Ψ N1 or Ψ N2 , the control input is switched into the mode III or II, respectively. The switching logic is formally specified as follows. Define a variable ρ representing the minimum configuration error for the given attitude:
The discrete mode is switched to avoid the undesired critical points of the nominal configuration error functions
Observing that the values of Ψ N1 , Ψ N2 are maximized at the undesired critical points, the jump map is chosen such that the discrete mode is switched to the new mode where the configuration error is minimum:
It is possible to switch whenever a new discrete mode with a smaller value of configuration error function is available, or equivalently, when G(q) = q or Ψ m − ρ > 0. But, the resulting controlled system may yield chattering due to measurement noises. Instead, a hysteresis gap δ is introduced for robustness, and a switching occurs if the difference between the current configuration error and the minimum value is greater than the hysteresis gap. More explicitly, the jump set and the flow set are given by
for a positive constant δ that is specified later at (48).
The control input at each mode is constructed from the corresponding configuration error function by following the same procedure described in the previous section:
where the hybrid configuration error vectors are defined as
Proposition 3: Consider a hybrid control system defined by (37)-(47). For given constants k 1 , k 2 , α, β satisfying k 1 , k 2 > 0, k 1 = k 2 , 1 < α < 2 and |β| < α − 1, choose the hysteresis gap δ such that
Then, the desired equilibrium (R d , ω d ) is globally exponentially stable.
Proof: The set of values for (r 1 , r 2 ) = (Rb 1 , Rb 2 ) at the critical points of each configuration error function is given by R I = {(r 1 , r 2 ) | (±r d1 , ±r d2 )}, R II = {(r 1 , r 2 ) | (±r d1 , ±r d1 × r d2 )}, R III = {(r 1 , r 2 ) | (±r d1 × r d2 , ±r d2 )}. Therefore, there are twelve critical points in total, including the desired equilibrium (r d1 , r d2 ), and eleven undesired critical points.
We first show that the undesired critical points cannot become an equilibrium of the controlled system as they belong to the jump set D. At the first undesired critical point of Ψ I , namely (r 1 , r 2 ) = (r d1 , −r d2 ), the values of the configuration error functions are given by
which gives ρ = min m Ψ m = αk 2 as α < 2. This yields Ψ I − ρ = (2 − α)k 2 ≥ δ from the definition of δ given at (48). Therefore, the first critical point corresponding to (r 1 , r 2 ) = (r d1 , −r d2 ) lies in the jump set D. Similarly, for the first critical point of Ψ II , namely (r 1 , r 2 ) = (r d1 , r 1 d × r d2 ), we have Ψ II = (α + β)k 2 and ρ = k 2 to obtain Ψ II − ρ = (α + β − 1)k 2 ≥ δ, which shows that the critical point lie in the jump set. This can be repeated for all other remaining 9 undesired critical points to show that all of the undesired critical points of the configuration error functions belong to the jump set. Thus, the only equilibrium is the desired equilibrium.
The remaining part of the proof is similar to the proof of Proposition 2. For the nominal mode m = I, all of properties at Proposition 1 are automatically satisfied as the definitions of the configuration error function and error vectors are identical. Furthermore, since the flow set C is compact, and Ψ er 2 is continuous in C (as e r = 0 in C), there exists a maximum value, namely γ > 0 such that
for any R, R d in the flow set C. We can show the same properties for Ψ II and Ψ III . Define a Lyapunov function on M × (SO(3) × R 3 ) as
This is positive definite about the desired equilibrium at m = I. According to the above properties and the proof of Proposition 2, V m is positive definite and decrescent with respect to quadratic functions of e H and e Ω , andV m is less than a negative quadratic function of of e H and e Ω in the flow set C. Therefore, the error variables e H and e Ω exponentially decrease in the flow set C.
Note that the desired angular velocity ω d , therefore e Ω does not change over any jump, since ×r d2 ) . Therefore, V m strictly decreases over jumps in the jump set D, if the constant c that is independent of control inputs, is sufficiently small. It follows that the desired equilibrium is globally exponentially stable.
The unique feature of the proposition is that it provides a stronger global exponential stability for a tracking problem on SO (3), compared with the existing results in [7] yielding global asymptotic stability. Another interesting feature is that the construction of the expelling configuration error functions are simpler. In [7] , an expelling configuration error function is constructed by angular wrapping, where the nominal configuration error function is composed with a diffeomorphism that represents stretched rotations. The resulting control system design involves nontrivial derivatives and it is relatively difficult to compute the required hysteresis gap δ, that is required to implement the given hybrid controller.
In this paper, the construction of expelling configuration error function at (35), (36) is intuitive and straightforward as they are based on the comparison between the desired directions and the actual directions. It is not required that the critical points of Ψ E1 , Ψ E2 include the desired equilibrium. The proposed simpler form of the expelling configuration error functions yields the explicit expression for the hysteresis gap as given at (48). For example, at (48), the upper bound of δ is maximized along the line of 2α − |β| − 3 = 0 to yield δ = 2 − α. If α = 1.6, then we can simply choose β = 0.2 to obtain δ = 0.4. In short, the presented control system provide a stronger global exponential stability, with simpler controller design procedure.
IV. ROBUST GLOBAL ATTITUDE TRACKING
In this section, we consider a case where there exists unknown, but fixed disturbance ∆. Both of smooth and hybrid attitude control systems are constructed.
A. Robust Almost Global Attitude Tracking
It is well known that steady state errors due to fixed disturbances can be attenuated by an integral term of the error. In this paper, we consider the following integral term,
for a positive constant c satisfying (27), or equivalently, it satisfiesė I = ce r + e Ω with e I (0) = 0. The smooth attitude control system developed at Section III-A, can be extended with the integral term for robustness as follows. Proposition 4: Consider the dynamic system (1), (2) on SO(3). A desired trajectory is given by (12) . For
Then, the controlled system satisfies the following properties:
(i) There are four equilibrium configurations for (R, ω), given by the property (i) of Proposition 2. (ii) The desired equilibrium (R d , ω d ) is almost globally asymptotically stable, and locally exponentially stable with respect to e r , e Ω . 1 The integral term e I is globally uniformly bounded. (iii) The three undesired equilibria are unstable.
Proof: Here, the expression for Jė Ω at (22) is augmented with the disturbance ∆ and the integral term as
Equilibria of the controlled system corresponds to the configurations where e r = 0, e Ω = 0, and e I = ∆ k I
. From the proof of Proposition 2, this shows (i).
Define a Lyapunov function:
From (18), it is bounded by
where z = [ e r , e Ω ] T ∈ R 2 and the matrices M 1 , M 2 ∈ R 2×2 are given by (24) and (30). The upper-bound of V is only satisfied when Ψ ≤ ψ < 2 min{k 1 , k 2 } from (18) .
From (52), the time-derivative of the Lyapunov function is given bẏ
Substituting (52), the effects of the integral term e I and the disturbance ∆ are completely eliminated atV , and an upperbound ofV can be obtained exactly as (25),
where the matrix M 3 ∈ R 2×2 is given by (26). For the given constant c satisfying (27), all of matrices M 1 , M 2 , M 3 are positive definite. This implies that the desired equilibrium is stable in the sense of Lyapunov, and e r , e Ω → 0 as t → ∞. It also shows that V , and therefore e I is globally uniformly bounded. Therefore, the desired equilibrium is asymptotically stable with respect to e r , e Ω [17, Chapter 4] . The instability of the undesired equilibria can be shown by following the same approach given at the proof of Proposition 2. These show almost global asymptotic stability with respect to e r and e Ω .
For exponential stability, the upper bound of (53) should be satisfied, or Ψ ≤ ψ < 2 min{k 1 , k 2 }. Unlike the proof of Proposition 2, we do not have a sufficient condition on the initial conditions to satisfy Ψ ≤ ψ < 2 min{k 1 , k 2 }. Therefore, we can only guarantee local exponential stability with respect to e r and e Ω .
Nonlinear PID-like controllers have been developed for attitude stabilization in terms of modified Rodriguez parameters [9] and quaternions [11] , and for attitude tracking in terms of Euler-angles [10] . The proposed control system is developed on SO(3), therefore it avoids singularities of Euler-angles and Rodriguez parameters, as well as unwinding of quaternions. It also provides almost global asymptotic stability for attitude tracking problems with fixed uncertainties.
The proposed integral term is unique in the sense that the angular velocity error term is also integrated at (50). As the time-derivative of the error vector, namelyė r is linear with respect to the angular velocity error e Ω , this has the effects of increasing the proportional term of the control input. Effectively, the proportional gain of the control input is given by k 1 , k 2 multiplied by 1 + k I , and the integral gain of the control input is given by ck I . The constant c essentially determines the ratio of the integral gain to the proportional gain. In most of nonlinear PID-like controllers for mechanical systems, the integral gain is limited by proportional gains for stability, as reflected by (27) .
One of the desirable properties of the proposed control input with an integral term is that the resulting timederivative of the Lyapunov function is exactly same as the attitude tracking system given in the previous section without disturbances. Therefore, the guaranteed performance of the controlled system, such as convergence rates, is not affected by fixed disturbances, and stability proof becomes simpler. The proposed form of the integral term may be used for other second-order mechanical systems.
B. Robust Global Attitude Tracking
The proposed attitude control system with an integral term can be further developed into a hybrid control system to achieve robust global exponential stability. The integral term is redefined in terms of the hybrid error vector (45) as
for a constant satisfying (27), and the jump set and the flow set are revised as
where
The control input is chosen as
The other parts of the hybrid control system, such as the configuration error functions and the jump map are identical to Section III-B.
Proposition 5: Consider a hybrid control system defined by (37)- (41), (45)- (47), and (55)-(57). For given constants k 1 , k 2 , α, β satisfying k 1 , k 2 > 0, k 1 = k 2 , 1 < α < 2 and |β| < α − 1, choose the hysteresis gap δ such that (48) is satisfied. Then, the desired equilibrium (R d , ω d ) is globally exponentially stable with respect to e H and e Ω , and the integral term e I H is globally uniformly bounded.
Proof: As shown at the proof of Proposition 3, all of the undesired critical points of the configuration error functions lie in the jump set D , and Proposition 1 with (49) is satisfied in the flow set C . Define a Lyapunov function as
From the proof of Proposition 4,V m is negative definite with respect to a negative quadratic function of e H and e Ω in the flow set C . Since e Ω is not changed over any jump, the change of the Lyapunov function over the jump from a mode m ∈ M is
where we use the fact that e H ≤= k. From the definition of the jump set, given at (56), we have V G − V m ≤ − δ 2 < 0, which implies that the Lyapunov function strictly decreases in the jump set D . Therefore, the desired equilibrium is global exponentially stable with respect to e H and e Ω , and the integral term is globally uniformly bounded.
Global asymptotic stability is achieved for an attitude control system with an integral term in terms of quaternions, based on LaSalle's principle [12] . To the best knowledge of the author, the given robust global exponential stability for attitude tracking, developed in terms of global attitude representation without need for addressing unwinding, has been unprecedented.
V. NUMERICAL EXAMPLES
Consider a rigid body whose inertia matrix is given by J = diag[3, 2, 1] kgm 2 . The desired attitude command is specified as R d (t) = exp(ψ(t)ê 3 ) exp(θ(t)ê 2 ) exp(φ(t)ê 1 ) in terms of 3-2-1 Euler-angles, where φ(t) = sin 0.5t, θ(t) = 0.1(−1 + t), ψ(t) = 1 − cos t. The controller parameters are chosen as
The following three cases are considered. Case (I): It is assumed that there is no disturbance, i.e., ∆ = 0, and the initial conditions are chosen as R(0) = I and Ω(0) = 0. This corresponds to a small initial attitude error, where Ψ(0) = 0.05. The simulation results for the smooth control system and the hybrid control system without an integral term, developed at Propositions 2 and 3 respectively, are illustrated at Figure 1 . They exhibit good tracking performances. As the initial attitude error is small, no jump occurs at the hybrid control system, and the corresponding responses of the hybrid control system are identical to the smooth control system. Case (II): The second case is same as Case (I), except the initial condition chosen as
, which is close to one of the undesired equilibrium. In this case, there is noticeable difference between the smooth controller and the hybrid controller, as illustrated at Figure 2 . For the smooth controller, the attitude tracking error does not change until after t = 12 seconds. The convergence rate of the hybrid control system is significantly faster.
Case (III):
The initial condition is identical to Case (II), representing a large initial attitude error. In this case,
T is included. Figure  3 shows numerical results for the hybrid control system presented at Proposition 3, and the hybrid control system with an integral term presented at Proposition 5. The given fixed disturbance causes steady-state tracking errors for the hybrid control system developed at Proposition 3, but those errors are completely eliminated by the integral term of the hybrid control system developed at Proposition 5. It also exhibits good convergence properties for the given large initial attitude error, which are comparable to the hybrid control system without disturbances illustrated at Figure 2 .
APPENDIX

A. Proof of Proposition 1
From (2) and (12), and using (3) and (7),
Substituting Ω = e Ω + R T ω d into this, we obtain (i). Using (4) and (11),ê ri can be written aŝ
Using (7), the time-derivative of R
Therefore, we havê
where we used (4). This shows (ii). Since x T y = tr xy T for any x, y ∈ R 3 , we have
where G = diag[k 1 , k 2 , 0] ∈ R 3×3 , and U = [b 1 , b 2 , b 1 × b 2 ] ∈ SO(3). From (59), the error vector e r can be rewritten asê
Next, we use the following properties given in [18] . For non-negative constants f 1 , f 2 , f 3 , let F = diag[f 1 , f 2 , f 3 ] ∈ R 3×3 , and let P ∈ SO(3). Define
Then, Φ is bounded by the square of the norm of e P as
if Φ < φ < h 1 for a constant φ, where h i are given by Note that if we choose F = 2G and P = U T R T d RU , then we have Ψ = Φ. Substituting these into (64),
Tê r U from (62). Therefore, e P = U e r = e r . Substituting this into (65), we obtain (18) .
